It is conjectured by Berge and Fulkerson that every bridgeless cubic graph has six perfect matchings such that each edge is contained in exactly two of them. Hägglund constructed two graphs Blowup(K 4 , C) and Blowup(P rism, C 4 ). Based on these two graphs, Chen constructed infinite families of bridgeless cubic graphs M 0,1,2,...,k−2,k−1 which is obtained from cyclically 4-edge-connected and having a Fulkerson-cover cubic graphs G 0 , G 1 , . . . , G k−1 by recursive process. If each G i for 1 ≤ i ≤ k − 1 is a cyclically 4-edge-connected snarks with excessive index at least 5, Chen proved that these infinite families are snarks. He obtained that each graph in M 0,1,2,3 has a Fulkersoncover and gave the open problem that whether every graph in M 0,1,2,...,k−2,k−1 has a Fulkerson-cover. In this paper, we solve this problem and prove that every graph in M 0,1,2,...,k−2,k−1 has a Fulkerson-cover.
Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G). A circuit of G is a 2-regular connected subgraph. An even graph is a graph with even degree at every vertex.
A perfect matching of G is a 1-regular spanning subgraph of G. The excessive index of G, denoted by χ ′ e (G), is the least integer k, such that G can be covered by k perfect matchings. A cubic graph is a snark if it is bridgeless and not 3-edge-colorable. A cubic graph G is [4] , or see [10] ) Every bridgeless cubic graph has six perfect matchings such that each edge belongs to exactly two of them.
Although there are some results related with this conjecture, as examples, see [2] , [5] , [7] , [9] , [8] , Berge-Fulkerson conjecture is still open for many bridgeless cubic graphs even for some simple snarks.
Hägglund [7] constructed two graphs Blowup(K 4 , C) and Blowup(P rism, C 4 ). Based on Blowup(K 4 , C) , Esperet et al. [3] constructed infinite families of cyclically 4-edge-connected snarks with excessive index at least five. Based on these two graphs, Chen [1] constructed infinite families of cyclically 4-edge-connected snarks E 0,1,2,...,(k−1) obtained from cyclically 4-edge-connected snarks G 0 , G 1 , . . . , G k−1 , in which E 0,1,2 is Esperet et al.' construction. If only assume that each graph in {G 0 , G 1 , . . . , G k−1 } has a Fulkerson-cover, then these infinite families of bridgeless cubic graphs are denoted by M 0,1,2,...,k−2,k−1 . Chen [1] obtained that every graph in M 0,1 has a Fulkerson-cover and each graph in M 0,1,2,3 has a Fulkerson-cover and gave the following problem.
In this paper, we solve Problem 1.2. The main result is Theorem 1.3. 
Preliminaries
In this section, some necessary definitions, constructions and Lemma are given.
Let X ⊆ V (G) and Y ⊆ E(G). We use G \ X to denote the subgraph of G obtained from G by deleting all the vertices of X and all the edges incident with X. While G \ Y to denote the subgraph of G obtained from G by deleting all the edges of Y . The edge-cut of G associated with X, denoted by ∂ G (X), is the set of edges of G with exactly one end
subgraph of G with each vertex of even degree. A circuit of G is a minimal 2-regular cycle of G. A graph G is called cyclically k-edge-connected if at least k edges must be removed to disconnect it into two components, each of which contains a circuit.
Let G i be a cyclically 4-edge-connected snark with excessive index at least 5, for i = 0, 1. Let x i y i be an edge of G i and x 0 i , x 1 i (y 0 i , y 1 i ) be the neighbours of x i (y i ). Let H i be the graph obtained from G i by deleting the vertices x i and y i . Let {G; G 0 , G 1 } be the graph obtained from the disjoint union of H 0 , H 1 by adding six vertices a 0 , b 0 , c 0 , a 1 , b 1 , c 1 and
The graphs of this type are denoted as E 0,1 (see Figure 1 ).
Chen as follows: If the excessive index and non 3-edge-colorability of G i (i = 0, 1, 2, . . . , (k − 1)) is ignored and only assume that G i has a Fulkerson-cover, then we obtain infinite families of bridgeless cubic graphs. We denote graphs of this type as
The following Lemma is very import in our main proofs. 
is an even cycle, and G i \ E 2 i and G i \ E 0 i can be colored by three colors. Then E 2 i and E 0 i are the desired disjoint matchings of G i as in Lemma 2.1. By choosing three perfect matchings of G i , for each i = 0, 1, . . . , k − 1, we can obtain two desired disjoint matchings E 2 i and E 0 i such that
If i is odd, by x i y i ∈ E 2 i , there exists a maximal path containing only 2-degree vertices as inter vertices in the graph G i \ E 0 i , say u 0 i . . . y i x i . . . u 1 i , which corresponds to an edge u 0 i u 1 i in the graph G i \ E 0 i (see Figure 3) . From x 0 i x i , y 0 i y i ∈ E 0 i , there exists two maximal paths containing only 2-degree vertices as inter vertices in the graph G i \E 2 i , say u 2 i . . . If i is even, by x i , y i ∈ V (E 2 i ), there exist four maximal paths containing only 2-degree vertices as inter vertices in the graph Figure 5 ). Similarly, by x i , y i ∈ V (E 0 i ), there exist four maximal paths containing only 2-degree vertices as inter vertices in the graph Figure 6 ). From the construction of Γ, we know that Γ \ E 0 (see Figure 7) is Figure 7) is
If i is odd, because E 2 i and E 0 i are the desired disjoint matchings of G i as in Lemma 2.1,
i is 3-edge colorable. Thus there exists a 2-factor, say C 0 i , such that each component Figure 6 is an even circuit and u 0 i u 1 i is not in the 2-factor C 0 i . Similarly, because G i \ E 2 i is 3-edge colorable, there exists a 2-factor C 2 i such that each component is an even circuit and
i is 3-edge colorable, there exists a 2-factor C 2 i such that each component is an even circuit and u 0 i x i u 1 i and u 2 i y i u 3 i are in the 2-factor C 2 i . Because
i is 3-edge colorable, there exists a 2-factor C 0 i such that each component is an even circuit and {u 4 i x i u 5 i , u 6 i y i u 7 i } is in the 2-factor C 0 i . Then Γ \ E 0 has a 2-factor:
And each component is an even circuit.
And Γ \ E 2 has a 2-factor:
So Γ \ E 0 and Γ \ E 2 are 3-edge colorable. Therefore E 0 and E 2 are the desired match-
i be the set of edges covered twice by {M 1 i , M 2 i , M 3 i } and E 0 i be the set of edges not covered by
and
(See Figure 8) . Clearly, E 0 ∪ E 2 is an even cycle C. , which corresponds to an edge u 0 i u 1 i in the graph G i \ E 0 i (see Figure 3) ; By x 0 i x i , y 0 i y i ∈ E 0 i , there exists two distinct maximal path containing only 2-degree vertices as inter vertices in the graph G i \ E 2 i , say Figure 4 ). If i is even and i = 0, since x i , y i ∈ V (E 2 i ), there exist four maximal paths containing only 2-degree vertices as inter vertices in the graph Figure 5) . Similarly, by x i , y i ∈ V (E 0 i ), there exist four maximal paths containing only 2-degree vertices as inter vertices in the graph
If k ≥ 2, we will prove H \ E 0 and H \ E 2 are 3-edge colorable in the following.
From the construction of H, one has that H \ E 0 (see Figure 9 ) is
Where,
And H \ E 2 (see Figure 9 ) is And each component is an even circuit.
So H \ E 0 and H \ E 2 are 3-edge colorable. Therefore E 0 and E 2 are the desired matchings of Lemma 2.1 and H = {G; G 0 , G 1 , . . . , G k−2 , G k−1 } has a Fulkerson-cover. 
